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The following proof of Grothendieck’s theorem relies on Horrock’s theorem and 
Quillen’s patching theorem [l]. In this way, I will be able to avoid the cumbersome 
construction used in the original proof and also achieve a slightly more general 
result. 
Consider first the following situation: 
Lemma. Let (R,m) be a local (not necessarily Noetherian) ring, such that R[t] is 
coherent and L is a finitely presented R[t] module such that L/is a stably free R[t]/ 
module for some manic polynomial f. Suppose that there exists an n such that 
Tor&,,(L, R/m[t]) = 0. Then L has a finite free resolution. 
Proof. Since L is finitely presented we have an exact sequence 
O+M-+R[t]h-+L+O, (*) 
where M is a finitely presented module also, because R[t] is coherent. Then Mfis a 
stably free R[t]/ module and 
TOP- ‘(M, R/m[t]) = Tor”(L, R/m[t]) if n > 1. 
By induction, we need only to consider the case where n = 1. In that case, from the 
short exact sequence (*), we have a long exact sequence for the functor -0 R/m[t]: 
O-Torl(L,R/m[t])=O~A?-+R/m[t]h-t~-+O 
and, therefore, I@ is a submodule of R[tlh. Hence, 16’ is R[t] free, because R[t] is a 
principal ideal domain. By Horrock’s theorem, M is a stably free R[t] module, so M 
has a finite free resolution and, hence, L has. 
Definition. We define R as T-regular if A =R[t,, . . . . tk] satisfies the following 
properties for all k: 
(1) A,,,[[) is a coherent ring for any maximal ideal in A, 
(2) for any finitely presented A,[t] module L there exists a number n such that 
Toril,,(L,A/m[t]) = 0. 
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Note: Noetherian regular rings are T-regular. 
Theorem. Let R be any T-regular ring. Then K,(R[t,, .,. , t,]) = Ko(R). 
Proof. Since it is easy to see that if R is T-regular, then R[t] is T-regular, it is 
enough to prove this theorem for e= 1. Also, by variation of Quillen’s patching 
theorem for stably extended modules [ 1, Corollary 1.8, p. 1281, it is enough to prove 
this theorem locally. 
So we can suppose that (R,m) is a local ring. Let M be a finitely generated 
projective module. I want to construct a module L over R[t-‘1 such that L will 
satisfy the conditions of Lemma and such that M,= L,-I. 
If such a module L is constructed, then by Lemma, L has a finite free resolution 
over R[t-‘1 and M,= L,-I will have a finite free resolution over R[t, t-l]. Hence, h4, 
will be a stably free R[t, t-l] module. It follows then from Horrock’s theorem that 
M is a stably free R[t] module and belongs to an image of the injection K,,R+ 
KoWtl). 
It remains, then, to construct L. Since M is a finitely generated projective module, 
it has a finite presentation 
Ntl m s R[t]” -+M+O 
where S is an m x n R[t] matrix. As M is projective given any prime ideal p of R[t], 
the localization MP is a free R[t], module. We may find an element f in R[t] such 
that M/is a free R[t], module where f $p. Based on this remark, we may find such 
an f with a unit as the constant term if p = (m, t). 
Consider s’= teNS for a large N such that S’ will be a matrix over R[t- ‘1. We 
define L as the coker S’ in the exact sequence 
R[t-t]“z R[t-‘]“-+L+O. 
It is obvious that M,= L,-I. Hence, L,.=M,.,is a free R[t-‘1 module wheref’=fteK 
with K large enough so that f’ E R[t - ‘1. Since the constant coefficient off is a unit, 
thenf’ is a manic polynomial and all conditions of the lemma are fulfilled because R 
is T-regular. This completes my proof of the theorem. 
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